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Conformal Field Theory on the Fermi Surface
Brian Swingle∗
Department of Physics, Massachusetts Institute of Technology, Cambridge, MA 02139
The Fermi surface may be usefully viewed as a collection of 1 + 1 dimensional chiral conformal
field theories. This approach permits straightforward calculation of many anomalous ground state
properties of the Fermi gas including entanglement entropy and number fluctuations. The 1 + 1
dimensional picture also generalizes to finite temperature and the presence of interactions. Finally,
I argue that the low energy entanglement structure of Fermi liquid theory is universal, depending
only on the geometry of the interacting Fermi surface.
I. INTRODUCTION
Fermi liquid theory forms the core of our theory of
metals. Many materials are well described by Fermi liq-
uid theory over at least some portion of their phase di-
agram. The experimental prominence and simplicity of
Fermi liquids give them permanent appeal, so the com-
munity has expended much effort understanding their un-
derlying structure. The most physical way to understand
the universality of Fermi liquids is in terms of renormal-
ization group approaches that involve scaling towards
the Fermi surface [1–3]. These approaches have given
us a physical picture of Fermi liquids as mostly attrac-
tive fixed points. To this mostly attractive fixed point
we must add an infinite set of marginal deformations la-
beled by Landau parameters and the marginally relevant
BCS instability. The apparent stability of Fermi liquids
has a dark side, however, as it has proved challenging to
find simple systems exhibiting non-Fermi liquid behav-
ior. Indeed, Fermi liquids are continually surprising us
with their versatility.
The latest surprise comes from the study of many body
entanglement entropy. Entanglement entropy is an at-
tempt to characterize the real space entanglement prop-
erties of quantum ground states. It is defined as the von
Neumann entropy of the reduced density matrix of a spa-
tial sub-system of the full system. Most systems in ds > 1
spatial dimensions satisfy a boundary law for the entan-
glement entropy of a spatial region [4], but free fermions
violate this boundary law with a logarithmic correction
[5–10]. For a region of linear size L, the entanglement
entropy of most known critical and non-critical systems
is non-universal and scales as SL ∼ L
ds−1 [4]. How-
ever, the entanglement entropy for free fermions scales
as SL ∼ L
ds−1 lnL with the Fermi momentum kF mak-
ing up the extra units where needed. Furthermore, there
is a precise conjecture for the form of this term known
as the Widom formula [6]. However, both the coefficient
of the Widom formula and the extension to interacting
fermions remain open questions.
The only other systems known to violate the boundary
law are conformal field theories (or more generally scale
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invariant theories) in ds = 1 spatial dimensions [11]. I
have suggested that these two violations of the boundary
law are related because the Fermi surface in any dimen-
sion may be regarded as a collection of 1+1 dimensional
chiral conformal field theories [12]. However, it should
be understood that this correspondence, at least in its
simplest form, is only expected to hold in the low energy
limit. I also wish to emphasise that this 1+1 dimensional
construction is not an attempt to bosonize the Fermi sur-
face in higher dimensions. Note that a more complicated
patching procedure has recently been employed to dis-
cuss a Fermi surface coupled to a gapless boson, but I
will not address these issues here [13, 14].
In this paper I give a more complete formulation of a
Fermi surface as a collection of 1 + 1 dimensional chiral
conformal field theories. I will first describe the basic
setup for free fermions and sketch the arguments leading
to the anomalous entanglement entropy of the free Fermi
gas. As examples of the formalism, I compute number
fluctuations and heat capacity of a Fermi gas from the
1 + 1 dimensional point of view. Finally, I include inter-
actions and argue that interacting Fermi liquids violate
the boundary law for entanglement entropy in a universal
way. I conclude with some comments about the relevance
of these results to other systems and about future work.
II. CHIRAL FERMIONS ON THE FERMI
SURFACE
We wish to understand in what sense a Fermi surface
can be described as a collection of 1+1 dimensional chiral
conformal field theories. I consider fermions on a lattice,
although much of what I say is independent of the details
of the ultraviolet regulator. Given a generic band struc-
ture and filling fraction, a finite density of fermions will
form a metallic state with a Fermi surface. For simplic-
ity, let us assume that this Fermi surface is nearly spher-
ical. The low energy degrees of freedom are particle-hole
fluctuations near the Fermi surface in momentum space.
Note that quasiparticles exist only above the Fermi sur-
face while quasiholes exist only below. Both particles
and holes move with the same group velocity set by the
local Fermi velocity.
Each such “patch” on the Fermi surface is equivalent
to a single gapless chiral fermion in 1 + 1 dimensions,
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FIG. 1: A sketch of a circular Fermi surface in ds = 2 di-
mensions. The angle θ parameterizes the Fermi surface and
labels the local patches. The Fermi velocity for a particular
θ is shown.
the dimensions being the radial direction and time. The
patch is chiral because all the excitations have a common
velocity. For illustrative purposes, let us specialize to the
case of ds = 2 so that the Fermi surface is one dimen-
sional. We can formalize these statements by saying that
the low energy effective action of the free Fermi gas is
Sψ =
∫
dθ
∫
dk dt ψ+θ (k, t)[i∂t − vF k]ψθ(k, t), (1)
where θ labels the patch on the Fermi surface as in Fig.
1. Each operator ψθ(k, t) should be regarded as a free
fermion in one spatial dimension, the local radial direc-
tion, as specified by θ. The basic approach will be to
compute physical properties of the Fermi gas by appro-
priate sums over the 1+1 dimensional degrees of freedom
labeled by θ.
Starting from this free low energy effective action, we
can trace the effects of interactions using a renormaliza-
tion group flow, but I will continue to focus on the case
of free fermions. Each patch, labeled by θ, is equivalent
to the chiral half of a one dimensional free relativistic
fermion. The non-chiral relativistic fermion has a total
central charge c = 2 as a conformal field theory. This
central charge is a sum of left and right moving pieces
c = cL + cR where for the free relativistic fermion we
have cL = cR = 1. This assignment should not be
confused with the Majorana fermion which has central
charges cL = cR = 1/2. The basic fact we will use about
such a one dimensional conformal field theory is that the
entanglement entropy on an interval of length L is given
by S = cL+cR
6
ln (L/ǫ) where ǫ is an ultraviolet cutoff.
We will also use the generalization of this formula to fi-
nite temperature T = 1/β given by
S =
cL + cR
6
ln
(
βv
πǫ
sinh
(
πL
βv
))
(2)
where v is the characteristic velocity in the conformal
field theory [11]. Later v will be identified with the local
renormalized Fermi velocity vF .
The formulation sketched above gives an intuitive un-
derstanding of the anomalous entanglement properties
of the Fermi surface. If we ask about the entanglement
entropy in a region A of linear size L, then we natu-
rally coarse grain the Fermi surface into “coarse patches”
of typical size 1/Lds−1 for a total of (kFL)
ds−1 “coarse
patches”. Each patch contributes roughly lnL as is ap-
propriate for a one dimensional conformal field theory,
and the total entanglement entropy scales as Lds−1 lnL
as observed [5–9]. The Widom formula for the entangle-
ment entropy is obtained from a more precise counting
of patches [12]. The fundamental interpretation of this
counting procedure and the Widom formula is in terms
of an effective central charge coming from the amalgama-
tion of many 1 + 1 dimensional degrees of freedom [12].
We will now use similar counting arguments to compute
a number of observables for free fermions.
III. NUMBER FLUCTUATIONS AT ZERO
TEMPERATURE
In addition to anomalous entanglement entropy, the
free Fermi gas has anomalously large fluctuations of some
conserved quantities. Similar to the story of entangle-
ment entropy, most systems in ds spatial dimensions sat-
isfy a boundary law for ground state fluctuations of var-
ious physical quantities. As an example, let us consider
the number operator NA corresponding to the number of
fermions in region A. Typically, one would expect to find
〈(NA − 〈NA〉)
2〉 ∼ Lds−1 where L is the linear size of re-
gion A. This boundary law for fluctuations in the ground
state appears to be relatively universal, however, it is vi-
olated in the case of free fermions [6, 10]. Just like their
entanglement properties, free fermions have anomalously
large number fluctuations scaling like Lds−1 lnL. It is
natural to ask if we can account for these fluctuations
by viewing the Fermi surface as a collection of chiral one
dimensional conformal field theories.
The leading logarithmically corrected boundary law
behavior can again be traced to the presence of numer-
ous gapless modes at the Fermi surface. Consider first
the problem of number fluctuations in a one dimensional
gas of free non-relativistic fermions at finite density. We
wish to calculate the fluctuations ∆N2A = 〈(NA−〈NA〉)
2〉
in the fermionic ground state with A an interval of length
L. By the writing the operatorNA as a restricted integral
over the fermion density operator the calculation can be
reduced to an integral using Wick’s theorem. To leading
order in L the fluctuations scale as ∆N2A ∼
1
pi2
ln (L/ǫ).
Note that this result generalizes to Luttinger liquids in
3one dimension [15]. There are two Fermi points, or
patches, and each Fermi point contributes 1
2
1
pi2
lnL to
the answer. Returning to ds > 1 dimensions, the number
fluctuations can again be written in integral form using
Wick’s theorem. However, the analysis of the integral is
considerably more complex [10, 16]. Instead, we can ob-
tain the exact expression for the asymptotic behavior of
the number fluctuations indirectly using the one dimen-
sional picture.
To perform the mode counting, let us return for a mo-
ment to the entanglement entropy. We choose a spatial
region A of linear size L and ask about the entangle-
ment entropy of this region. The Widom formula takes
the form of an integral over the boundary of A and the
Fermi surface
S =
1
(2π)ds−1
lnL
12
∫
k
∫
x
dAkdAx|nx · nk| (3)
where nx and nk stand for unit normals to the boundary
of A and the Fermi surface respectively. The detailed
choice of linear size L in the logarithm is immaterial in
this formula since it only corrects the ultraviolet sensitive
boundary law piece of the entanglement entropy. Once
more, this formula should be interpreted as counting the
effective number of chiral one dimensional modes con-
tributing lnL to the entropy. Each patch has cL = 1 and
cR = 0 where left and right movers are defined by the
local radial direction. Thus each patch should contribute
cL+cR
6
lnL = 1
6
lnL to the entropy. The Widom formula
is essentially this entropy per patch times the number of
such patches
Nmodes =
1
(2π)ds−1
1
2
∫
k
∫
x
dAkdAx|nx · nk| (4)
where the |nx · nk| factor arises from computing the pro-
jected area when doing the mode counting [12].
Returning to the number fluctuations, each patch con-
tributes 1
2
1
pi2
lnL following the one dimensional result,
and the asymptotic form of the number fluctuations for
a region A in higher dimensions is thus
∆N2A =
1
(2π)ds−1
lnL
4π2
∫
k
∫
x
dAkdAx|nx · nk|. (5)
Precisely this formula has been obtained previously by a
lengthier and rigorous analysis (note that some confusion
can arise in the comparison because of different bases for
the logarithms) [6, 10].
IV. GENERALIZATION TO FINITE
TEMPERATURE AND INTERACTIONS
So far we have worked at zero temperature and without
interactions, but these restrictions are not essential. For
example, the heuristic picture of the Fermi surface as a
collection of one dimesional chiral patches gives roughly
the correct finite temperature entropy for a region A of
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FIG. 2: A sketch of a circular real space region A of radius
L. The Fermi velocity of a particular patch on the Fermi
surface is shown superimposed on the circle. The effective
length 2L cos θ is shown as a function of angle θ relative to
the direction defined by vF .
linear size L. Each patch contributes roughly LT to
the entropy and the number of patches is proportional
(kFL)
ds−1 giving roughly the correct entropy for free
fermions. There is a reason to be skeptical however. The
details of the patch counting depend on the boundary of
region A, but any such dependence should disappear in
thermodynamic quantities. Fortunately, the physically
correct choice of the linear size L naturally cancels this
detailed boundary dependence.
Returning to the case ds = 2, let’s assume that the
Fermi surface is a circle of radius kF . The real space
region A is taken to be a circle of radius R. Consider
a specific patch on the Fermi surface and choose coordi-
nates so that this patch has velocity equal to vF xˆ as in
Fig. 2. To compute the integral over the boundary of
region A we must specify what the effective linear size
L is. We parameterize the boundary of A by an angle θ
defined relative to the x-axis. For a mode with velocity
vF xˆ and a point on the boundary of A labeled by θ, the
physically correct linear size is Leff = 2L| cos θ|, that is
the chordal distance across the circle parallel to the x-
axis as in Fig. 2. The high temperature limit of Eq. 2
with L = Leff is
S1+1 =
cL + cR
6
πLeff
βvF
. (6)
We use this expression for the entropy contribution of
each patch to compute the entropy of the entire Fermi
surface
S =
1
2π
1
2
∫
k
∫
x
dAkdAx|nx · nk|
1
6
πLeff
βvF
. (7)
The integral over the real space boundary can be carried
out as described above. What remains is an integral of
1/vF over the Fermi surface, a familiar result giving the
density of states. The final result is
S =
π
6
mT (πL2) (8)
4wherem is the fermion mass and πL2 is the area of region
A. This is nothing but the usual thermal entropy of
a gas of free fermions in a box of area πL2 to leading
order in T/TF . A similar calculation gives the correct
finite temperature number fluctuations to leading order
in T/TF . The fact that the Widom formula, and the
patch counting it embodies, can be used to compute exact
low temperature thermal properties is strong evidence in
its favor.
It is also possible to include interactions. In the renor-
malization group treatment of Fermi liquids, most inter-
actions are irrelevant. The exceptions are forward scat-
ting interactions, but these interactions do not drastically
modify the 1+1 dimensional picture. The low energy ef-
fective action Eq. 1 has an emergent U(1)∞ symmetry
corresponding to number conservation on each patch, and
this symmetry survives in the low energy limit of Fermi
liquids because only forward scattering remains. Stick-
ing with the simplest possible situation, let us assume
that approximate rotational symmetry is preserved as we
turn on interactions. With the assumption of rotational
symmetry, Luttinger’s theorem that the area (in ds = 2
dimensions) enclosed by the Fermi surface remains con-
stant implies that kF is not renormalized by interactions.
Indeed, the content of Fermi liquid theory is that the ef-
fects of interactions may be subsumed entirely in terms
of a renormalized Fermi velocity and a set of Landau
parameters.
To see that interactions can be automatically included,
let us compute the heat capacity of a Fermi liquid. The
standard result of Fermi liquid theory is that the heat
capacity depends on interactions only through the renor-
malized mass (assuming kF remains at its free value).
Remarkably, we can describe the thermodynamics of an
interacting Fermi liquid, say in ds = 2, using Eq. 7 so
long as we replace the bare Fermi velocity by the physi-
cal renormalized Fermi velocity. In particular, the mode
counting remains unchanged despite the presence of in-
teractions. Given that we can reproduce thermodynam-
ics exactly using the patch construction, we have a strong
hint that the interacting Fermi liquid does indeed have
an entanglement entropy described by the Widom for-
mula. Dropping the assumption of spherical symmetry,
the formalism predicts that the entanglement entropy is
still highly universal, it is totally insenstive to the Lan-
dau parameters, for example, and depends only on the
shape of the interacting Fermi surface.
V. DISCUSSION AND CONCLUSIONS
I have elaborated on a view of the Fermi surface as
a collection of 1 + 1 dimensional chiral conformal field
theories. I focused mostly on circular real space regions
and Fermi surfaces in ds = 2 spatial dimensions, but
the generalization to other geometries and higher dimen-
sions is straightforward. So long as the region A is con-
vex, the proper effective length is physically well defined.
To define this length, draw a line from a fixed point on
the spatial boundary such that the line is parallel to the
Fermi velocity of a fixed point on the Fermi surface. For
convex A this line will intersect the boundary of A in
one other place. The length of the line segment between
these two intersections is Leff for the chosen points. Us-
ing this definition, the thermal entropy calculation can be
shown to produce the volume of the region A irrespective
of the particular shape chosen. The ultimate message is
that the anomalous entanglement entropy depends only
on the geometry of the interacting Fermi surface in any
dimension. This result is part of a growing body of work
that strongly links entanglement and geometry in many
body physics.
The present formulation was originally motivated by
renormalization group treatments of the Fermi liquid and
by attempts to understand intuitively the origin of the
anomalous entanglement properties of fermions. How-
ever, it seems to giving us much more. It can handle
both finite temperature and some kinds of interactions,
and it provides strong evidence both for the still unproven
Widom formula for free fermions and for its extension to
interacting fermions. On the practical side, it provides a
simple and unified formalism for many calculations that
previously appeared quite complex in the free Fermi gas.
These results also support the prediction that other ex-
otic phases of matter, including non-Fermi liquid metals
[17], spin liquids with a spinon Fermi surface, holographic
non-Fermi liquids [18], and Bose metals [19] violate the
boundary law for entanglement entropy. To truly extend
the patch argument given here to these systems, one must
account for non-trivial coupling between patches such as
that provided by a gapless boson, but I leave this to fu-
ture work. It is also likely that these exotic phases have
anomalously large fluctuations analogous to the fermion
number fluctuations in a Fermi liquid, although these
statements are more model dependent. One hope is that
anomalous properties like entanglement entropy and fluc-
tuations may provide useful numerical and experimental
handles for identifying such exotic phases. Finally, this
work suggests a generalization of Fermi liquid theory to
produce non-Fermi liquids by putting other chiral con-
formal field theories on the Fermi surface [20].
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